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Abstract
Calculations of the double ionization of a model 1D helium atom interacting with an intense short laser pulse are
presented.Asubstantial signature of nonsequential double ionization is found for all the wavelengths that are considered,
from 248 nm to 1064 nm, provided that sufficiently short pulses are employed. We show how one can modify the size
of the “knee” structure of the double ionization yield curve by varying the laser pulse duration. The underlying mech-
anism of the correlated double electron ejection is investigated and discussed.
1. INTRODUCTION
In the last few years, experiments have revealed an unexpect-
edly high signal for the nonsequential ~NS! ionization
in multielectron atomic systems subjected to intense laser
pulses. The first observation of NS ionization in noble gases
was made by L’Huillier et al. ~1983!. In subsequent exper-
iments by Fittinghoff et al. ~1992!, with 120 fs pulses from
a 614 nm dye laser, and later by Walker et al. ~1994!, with
160 fs, 780 nm pulses from a Ti:Sapphire laser, very accu-
rate measurements of the ion yields of helium were ob-
tained. In both cases, a rather particular behavior has been
observed: while single ionization rates can be very well
predicted by a single-active electron ~SAE! model of He
~Kulander, 1987!, the double-ionization rates cannot. The
presence of a first saturation regime in the double ionization
yield ~known as “knee”! is strong evidence of the role played
by electron–electron interaction and cannot be predicted by
a sequential model such as SAE.
Recently, NS ionization has been experimentally detected
also in diatomic molecules by Talebpour et al. ~1997!, at
800 nm, with a Ti:Sapphire laser. Further experimental ef-
forts have revealed multiple NS ionization of rare gas atoms
at various wavelengths @see, e.g., Larochelle et al. ~1998!
and references therein# .
A variety of theoretical approaches have been developed
in the last four years in order to explain the very high degree
of NS double ionization. S-matrix theory ~Faisal et al., 1999;
Becker & Faisal, 1999!, “exact” fully correlated 1D models
~Pindzola et al., 1991; Grobe & Eberly, 1992; Lappas et al.,
1996; Lappas & van Leeuwen 1998! and numerical models
with partial correlation ~Watson et al., 1997; Burnett et al.,
1998; Sanpera et al., 1998! have successfully reproduced
the knee structure. Other attempts that involve the full 3D
dynamics of the two correlated electrons have been made
with large scale supercomputers ~Dundas et al., 1999!, but
they have been limited so far to rather high frequencies and
a restricted range of intensities. In this work, we use both the
exact and the partially correlated models introduced by Lap-
pas and van Leeuwen ~1998! and by Watson et al. ~1997!, in
order to investigate the two-electron dynamics for a wide
range of laser pulse parameters.
2. EXACTLY SOLVED
TWO-ELECTRON MODEL
In order to study the two-electron phenomena and under-
stand the basic physics, an exact treatment of the electron
correlation is needed. For this purpose, numerical calcula-
tions have been widely used in the past ~Pindzola et al.,
1991; Grobe & Eberly, 1992; Lappas et al., 1996, 1998!. All
these works reduce the dimensional complexity of the sys-
tem and solve the two-electron Schrödinger equation ex-
actly in one space dimension.
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The basic scheme of the two-electron system interacting
with an external classical electric field is described by the
following Hamiltonian in the minimal coupling form, in
atomic units ~a.u.!:
H~t ! 5 212@~ p1 2 A~t !!2 1 ~ p2 2 A~t !!2 #
1 V~x1! 1 V~x2 ! 2 V~x1 2 x2 ! ~1!
where
x1, x2 5 spatial coordinates of electron 1 and 2
respectively
p1, p2 5 their momenta
A~t ! 5 vector potential of the laser field
The initial ground state is propagated in time with the above
time-dependent Hamiltonian. The part of the time-evolution
operator due to the kinetic terms is expressed in momentum
space exactly, according to a standard numerical split-
operator technique ~Feit et al., 1982; Grobe & Eberly, 1992!.
V~x! is the Coulombic potential that describe the interaction
of each electron with the core and the electron–electron re-
pulsion. In a 1D model, we employ the following soft-core
potential, in order to avoid overestimating these interactions
around the origin:
V~x! 5 2
Z
!1 1 x 2
~2!
which is also known as the “Rochester” potential ~Grobe &
Eberly, 1992!. The two-electron ground state energy is found
to be 22.238 a.u. In what follows we will assume the elec-
tric field to be linearly polarized and given by:
E~t ! 5 E0~t !sin~vL t ! 5 2
]
]t
A~t ! ~3!
where the envelope function E0~t ! takes into account the
turn on and turn off effects of the laser pulse. The Schrödinger
equation for the full two-electron wave function c~x1, x2; t !
at time t is then given by:
i
]
]t
c~x1, x2; t ! 5 H~t !c~x1, x2; t !. ~4!
We will return to this model in Section 5. In the meantime
we will introduce an approximate model that will not only
make our calculations easier and faster, but will allow for
more flexibility in probing separately the electron–laser and
the electron–electron interactions as well.
3. APPROXIMATE MEAN-FIELD MODEL
Although the exact model outlined above describes the ex-
perimental features in a very good qualitative manner, it is
rather computationally demanding, even in one space di-
mension, and cannot be used easily for very long pulses,
very high electron energies or for large regions of space. A
first approximation to the previous model has been intro-
duced by Watson et al. ~1997!. In the intensity regime of the
relevant experiments, one of the helium electrons ionizes
rapidly, while there is only a small relative probability that
the second electron also ionizes. It is then assumed that we
can distinguish between the two electrons as if they were
identifiable as an external and an internal one. The external
electron, because of fast tunneling ionization, can be con-
sidered as bound only by a soft-core effective potential, the
result of the nuclear attraction and screening. The internal
electron is subjected to the nuclear Coulombic potential and
to the Coulombic mean field interaction with the external
electron. It has been shown ~Lappas & van Leeuwen, 1998;
Petersilka & Gross, 1999! that if both electrons are treated
equally ~as in a time-dependent Hartree–Fock or density
functional theory approach!, the knee structure cannot be
reproduced, a fact that indicates the limitations of some stan-
dard mean-field approximations.
Here, the total wave function is written as a product of the
wave functions of the two electrons, which are now distin-
guishable. Neglecting the exchange term we simply have
~Watson et al., 1997!:
c~xE , xI ; t ! 5 cE ~xE ; t !{cI ~xI ; t ! ~5!
where xE and xI refer to the external and internal electron
coordinates, respectively.
We then consider two separate one-particle Schrödinger
equations. For the external electron we have:
i
]
]t
cE ~xE ; t ! 5 F ~ pE 2 A~t !!22 1 VE ~xE !GcE ~xE ; t ! ~6!
where
VE ~xE ! 5 2
~Z 2 1!
!aE2 1 xE2
~7!
is the effective potential with Z 5 2. We take the soft-core
parameter to be aE 5 0.697, so that the ground state of VE is
matched with the one-electron ionization potential of the
real He atom.
The equation for the internal electron contains an addi-
tional external field term due to the Coulombic interaction
with the external electron:
i
]
]t
cI ~xI ; t ! 5 F ~ pI 2 A~t !!22 1 VI ~xI ; t !GcI ~xI ; t ! ~8!
where
VI ~xI ; t ! 5 2
Z
!aI2 1 xI2
1EdxE cE*~xE ; t !{cE ~xE ; t !!aE2I2 1 ~xE 2 xI !2 . ~9!
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In this case, aI 5 0.7 and aE2I 5!2 yield the best match for
the case of the real He atom.
The great advantage of this approach is that the two equa-
tions of motion are essentially decoupled, because Eq. ~6!
does not depend on xI . Therefore, the 2D problem is reduced
to two 1D Schrödinger equations which can be easily solved
numerically even on a personal computer.
4. DEFINITION OF IONIZATION
In our exact model, where the joint two-electron probability
distribution can be calculated numerically, the double ion-
ization probability is defined @somewhat arbitrarily, but
in a rather useful and realistic way; see also Dundas et al.
~1999!# as the total probability that both electrons are at least
R 5 5 a.u. away from the origin, at the end of the laser pulse,
that is:
P2 5E
6x16.R
dx1E
6x2 6.R
dx2 6c~x1, x2; tend !62. ~10!
Accordingly, the single-ionization probability is defined as
the probability that one and only one of the two electrons is
within the distance R from the origin:
P1 5 2E
6x16,R
dx1E
6x2 6.R
dx2 6c~x1, x2; tend !62 ~11!
where the factor of 2 is due to the symmetry under exchange
of the two electrons. In such a model the two electrons
are completely indistinguishable and full correlation is
considered.
In most of the following, where we use the approximate
model to study the response of a He atom subjected to laser
pulses of different wavelengths and durations, the above def-
inition should be modified. A first simple definition is re-
lated to the distinction we have made between the internal
and external electrons: the single ionization probability is
derived from the complement of the projection of the prop-
agated external electron wavefunction on to its initial ground
state and is indicated by PEOut~t !. The double ionization prob-
ability is deduced from the projection of the propagated in-
ternal electron wave function on to its initial ground state
and is indicated by PIOut~t ! ~Watson et al., 1997!. Therefore:
5PI
Out~t ! 5 1 2 *EcI*~xI ; t !cI ~xI ; t0 ! dxI*2
PEOut~t ! 5 1 2 *EcE*~xE ; t !cE ~xE ; t0 ! dxE*2
. ~12!
Obviously, the sum of these two ionization probabilities and
the probability of the neutral atom is not strictly equal to 1.
Another more accurate definition of ionization probabil-
ity has been considered. This requires the use of a region in
space of radius R around the atom, inside which the elec-
trons are not considered ionized. The single ionization prob-
ability P1~t ! is given by the probability that the internal
electron is inside, times the probability that the external elec-
tron is outside, plus the probability the external electron is
inside, times the probability the internal electron is outside.
The double ionization probability P2~t ! is given by the prob-
ability that the internal electron is outside, times the proba-
bility that the external electron is outside too, that is:
5
P1~t ! 5 ~1 2 PIOut~t !!{PEOut~t ! 1 PIOut~t !{~1 2 PEOut~t !!
P2~t ! 5 PIOut~t !{PEOut~t !
P1~t ! 1 P2~t ! 5 1 2 Pneutral
. ~13!
Equation ~12! does not mix the behavior of the two
electrons; the single ionization probability is only related
to the external electron while the double ionization proba-
bility is related only to the internal electron. Equation ~13!
mixes these two probabilities, as in standard time-dependent
Hartree–Fock and density functional theory approaches ~see,
e.g. Lappas & van Leeuwen, 1998 and references therein!
and introduces the indistinguishability of the two electrons.
In an equivalent way, one can start from the symmetrization
of wave function in Eq. ~5! and then use the more general
definitions of Eqs. ~10! and ~11! for the ionization probabil-
ities in a fully correlated system. One can then arrive at for-
mulae in Eq. ~13! by simply ignoring the small exchange
integral of the two orbitals.
5. NONSEQUENTIAL IONIZATION YIELDS
5.1. Results for different wavelengths
We have analyzed the case of a 1D He atom subjected to an
external laser pulse using mainly the approximate scheme
described in Section 3. The laser is described by a classical
electric field whose pulse shape is given by a sin2 function
in a reasonably realistic way:
E~t ! 5 E0 sin2S ptncTLDsin~vL t !. ~14!
E0 is the field strength, nc is the total number of optical cy-
cles ~o.c.! in the pulse, and TL is the laser optical period.
We have considered five different wavelengths: 1064 nm,
780 nm, 532 nm, 390 nm, and 248 nm, that correspond to the
Nd:Yag and Ti-Sapphire lasers, their second harmonics, and
the KrF laser, most commonly used in strong-field physics
experiments. For each of these, we have investigated three
different cases corresponding to three different pulse dura-
tions: 4 o.c., 8 o.c., and 32 o.c. For each case of pulse dura-
tion and wavelength, we have varied the field strengths in
the range 0.05 a.u.–0.6 a.u. ~laser intensity 1014 2 1016W0
cm2!. We have also looked at the He1 ionization yield, in
order to distinguish between the sequential and the NS con-
tributions to the total double ionization yield of He.
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Fig. 1. Single ~solid lines! and double ~dashed lines! ionization yields of He as functions of intensity, together with the ionization yields
of the He1 ion ~dotted lines!. The wavelength in each case is shown in the inserted box. The pulse duration is 32 optical cycles. The
approximate model of Section 3 has been used. All the curves are superimposed in the lower right corner figure for ease of comparison.
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In the case that is close to the experimental conditions, for
a pulse duration of 32 o.c., the single ionization yields are in
good agreement with those that are obtained from the SAE
model for He, at least before the complete saturation region.
Our results for all wavelengths, obtained from the approxi-
mate model introduced in Section 3, are shown in Figure 1.
We see that for every wavelength, except for 390 nm and
248 nm, the single ionization yield is characterized by an
almost linear behavior for low intensities ~on a bilogarith-
mic scale!. We can also observe, by looking at Figure 1, that
the relative amplitude of the single ionization signal changes
as one varies the wavelength of the laser for a fixed pulse
duration ~measured in optical cycles, not in real time!. For a
fixed laser intensity, the single ionization signal increases as
the wavelength decreases.
We have also found a rather high NS ionization signal at
248 nm, in agreement with Lappas and van Leeuwen ~1998!,
but in disagreement with Becker and Faisal ~1999!. We be-
lieve that the very long laser pulses ~longer than 600 o.c.!
that were used in the latter case ~Becker & Faisal, 1999!
caused saturation of the single ionization at very low inten-
sities, thus making the detection of the NS signal essentially
too difficult to discern. In Figure 2 we show our calculations
of the ion yields using the exact 1D model that we intro-
duced in Section 2. The pulse here is only 8 o.c. long and has
a trapezoidal shape with two cycles for turn on, four cycles
of constant field strength, and two cycles for turn off. We see
that the NS process can add more than one order of magni-
tude to the double ionization signal.
When the wavelength is 390 nm or 248 nm, the raising
part of the single ion yield curve is not as smooth as in the
other cases, but has a rich structure characterized by the pres-
ence of small jumps ~see Fig. 1!. These jumps must pre-
sumably be connected with resonance atomic effects which
Fig. 2. Single ~solid line! and double ~dashed line! ionization yield of He as a function of intensity, together with the ionization yield
of the He1 ion ~dotted line!, at wavelength 248 nm, with the “exact” fully correlated two-electron model. The pulse duration is 8 optical
cycles.
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appear at wavelengths such that multiphoton ~or resonant!
ionization is more important than tunneling ionization.
A common feature in all of the above cases of Figure 1 is
the clear appearance of three distinct regions of intensities
for the double ionization yields. The first region extends up
to intensities of 1015 W0cm2 and is characterized by a mono-
tonic increase with intensity. Beyond 1015 W0cm2, the sin-
gle ionization yields saturate, and, therefore, the NS double
ionization yields also saturate ~“knee” structure!. A third re-
gion is evident for even higher intensities when the double
ionization becomes completely sequential.
For the double ionization yields there are large discrepan-
cies between the two different approaches that we consider:
the double ionization yields from Eq. ~13!, and the sequen-
tial model, that is, the one that is obtained using the single-
electron system of He1 for the double ionization probability.
We immediately note that there is a good agreement between
the different approaches for laser intensities large enough
for the double ionization yields to be greater than 0.01. For
smaller values of laser intensity, the agreement is very poor.
Also, substantial differences between our two ionization
probability definitions appear in the intermediate and low-
intensity region. In particular, if we use the first ionization
probability criteria, given by Eq. ~12!, for every wavelength,
we obtain a knee which is wider than that obtained using
Eq. ~13!. For lower intensities, Eq. ~12! overestimates the
Fig. 3. Single ~solid lines! and double ~dashed lines! ionization yields of He as functions of intensity, together with the ionization yields
of the He1 ion ~dotted lines!, calculated from the approximate model, for various laser pulse durations, at a wavelength of 780 nm. In
each case the pulse duration in optical cycles ~o.c.! is shown in the inserted box. All the curves are superimposed in the lower right
corner figure.
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double ionization, because the probability of the outer elec-
tron being inside the atom is not taken into account. This
explains the already noted discrepancy ~Sheehy et al., 1998!
between the experimental data and a previous model calcu-
lation ~Watson et al., 1997! regarding the double ionization
yields for low intensities.
5.2. Results for different pulse durations
After having analyzed the behavior of our He atom model
when subjected to different laser wavelengths, we now in-
vestigate the behavior of this system under laser pulses of
various durations.
We have studied three different cases corresponding to
pulse durations of 32, 8, and 4 optical cycles. The main re-
sults are shown in Figure 3, for a 780 nm laser. Again, it is
possible to observe some general features. At first, as we
decrease the total pulse duration, passing from 32 to 8 and 4
o.c., we observe that all curves move towards higher laser
intensity values. Such behavior can be simply explained by
the fact that, as the pulse duration decreases, the same effect
is approximately obtainable with a higher intensity.
An interesting result is connected with the shape of the
knee. As we decrease the pulse duration, the knee structure
tends to become smoother and eventually disappears—as
we shall see in the next section as well. This phenomenon is
due to the fact that the position of the single ionization sat-
uration intensity moves towards higher intensities and closer
to the double ionization curve as the pulse duration is de-
creased, and thus restricts the knee structure to a narrower
intensity region.
Given the sensitivity of the knee structure on the pulse
duration, one cannot make easy conclusions regarding the
existence ~or not! and the shape of the knee at various wave-
lengths. New experiments at shorter wavelengths and with
shorter pulses will be needed to verify our conclusions.
6. DISCUSSION
Two main mechanisms for the double electron ejection have
been proposed in the last decade. One of them, the “recolli-
sion” mechanism, is based on the quasi-classical strong-
field approximation that has been introduced in order to
describe high-harmonic generation in atomic gases irradi-
ated by long-wavelength infrared laser pulses. According to
this proposed mechanism ~Corkum, 1993!, the external elec-
tron of He is ionized rapidly due to tunneling, and sub-
sequently propagates freely in the laser field. When some
phase conditions are met, this electron may return to the
atomic core within one optical cycle. The subsequent re-
scattering event is considered to be responsible for the emis-
sion of high-energy photons and for the enhanced ionization
of the internal electron through energy transfer. The second
proposed mechanism assumes that the fast ejection of the
external electron leaves the internal one in a superposition
of He1 bound states ~shake-off !; this excited state contribu-
tion then leads to a fast double ionization due to the strong
laser field ~Fittinghoff et al., 1992; Sheehy et al., 1998!.
In order to investigate the influence of these two different
mechanisms on the double ionization, we have made model
calculations that can explicitly identify the two processes.
First, in order to exclude any possibility for rescattering we
Fig. 4. Single ~solid lines! and double ~dashed lines! ionization yields of He as functions of intensity, together with the ionization yields
of the He1 ion ~dotted lines!, for a laser pulse that is half an optical cycle long. The approximate model of Section 3 has been employed.
The wavelengths are shown in the boxes.
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use a laser pulse with a duration of only one-half of the op-
tical cycle. In this case there is no time for the ejected ex-
ternal electron to interact with the internal one after its
propagation in the laser field. Therefore, the only process
that could then create a NS signal should be the shake-off
effect. In Figure 4 ~for 780 nm and 390 nm! we show the
single and double ionization yields of He, together with the
ion yield of He1, after irradiation with a half-cycle pulse. We
see that, while in the 390 nm case the NS contribution is
barely observable, in the 780 nm case this contribution is
still negligible and insufficient to create any knee structure.
We conclude that the shake-off effect is absent here.
Furthermore, in order to estimate the effect of the electron
rescattering, in accordance with the recollision mechanism,
we can artificially switch off the laser coupling with the in-
ternal electron in Eq. ~8!, thus leaving only the electron–
electron interaction term as an external field that can cause
double ionization. As we can see from Figure 5, this term
alone can reproduce the very high NS signal of double elec-
tron ejection with excellent agreement, up to the end of the
knee region, where the NS process saturates due to the com-
plete ionization of the external electron. For higher intensi-
ties there is no external electron packet remaining to have an
effect on the dynamics of the internal one, and the electron–
electron interaction becomes insignificant. This result con-
firms a previous study by Sanpera et al. ~1998!, where the
internal electron was considered to interact only with the
dipole radiation field ~harmonics! that is generated by
the motion of the external electron in the strong laser field.
Finally, we emphasize that the suggested interaction of
the core electron with the outer electron has essentially noth-
ing to do with the standard process of single-impact ioniza-
tion. It is an electron–electron scattering process that occurs
periodically, over many laser cycles, in a time interval of the
Fig. 5. The double ionization yield of He ~grey line with crosses! when the “internal” electron is not coupled to the laser field, but only
to the field of the “external” electron, according to the approximate model of Section 3. The laser pulse is 32 o.c. long and the
wavelength is 780 nm. The dashed line represents the double ionization result with both the laser and the external electron fields.
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order of the pulse duration. The energy that is transferred to
the internal electron is provided not simply by the kinetic
energy of the returning external electron in a single collision
event, but by the laser field itself through the multiphoton
absorption of unlimited energy by the outer active electron
and subsequent electron–electron interaction @for a detailed
review and discussion see Lambropoulos et al. ~1998!# .
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